Abstract. C. Ingalls and H. Thomas defined support tilting modules for path algebras. From τ -tilting theory introduced by T. Adachi, O. Iyama and I. Reiten, a partial order on the set of basic tilting modules defined by D. Happel and L. Unger is extended as a partial order on the set of support tilting modules. In this paper, we study a combinatorial relationship between the poset of basic tilting modules and basic support tilting modules. We will show that the subposet of tilting modules is uniquely determined by the poset structure of the set of support tilting modules.
Introduction
Tilting theory first appeared in an article by Brenner and Butler [BB] . In that article the notion of a tilting module for finite dimensional algebras was introduced. Tilting theory now appears in many areas of mathematics, for example algebraic geometry, theory of algebraic groups and algebraic topology. Let T be a tilting module for a finite dimensional algebra Λ and let B = End A (T ). Then Happel showed that the two bounded derived categories D b (A) and D b (B) are equivalent as triangulated category [H] . Therefore, classifying tilting modules is an important problem.
Tilting mutation introduced by Riedtmann and Schofield is an approach to this problem. It is an operation which gives a new tilting module from given one by replacing an indecomposable direct summand. They also introduced a tilting quiver whose vertices are (isomorphism classes of) basic tilting modules and arrows correspond to mutations. Happel and Unger defined a partial order on the set of basic tilting modules and showed that the tilting quiver coincides with the Hasse quiver of this poset. However, tilting mutation is often impossible depending on a choice of an indecomposable direct summand. Support τ -tilting modules introduced by Adachi, Iyama and Reiten are generalization of tilting modules. They showed that a mutation (resp. a partial order) on the set of (isomorphism classes of) basic tilting modules is extended as an operation (resp. a partial order) on the set of (isomorphism classes of) support τ -tilting modules. They also showed that support τ -tilting mutation has following nice properties:
• Support τ -tilting mutation is always possible.
• Support τ -tilting quiver coincides with the Hasse quiver of the poset of support τ -tilting modules.
Notation. Throughout this paper, let Λ be a finite dimensional algebra over an algebraically closed field k.
(1) We always assume that Λ is basic and indecomposable.
(2) We denote by mod Λ the category of finitely generated right Λ-modules.
(3) We denote by τ the Auslander-Reiten translation of mod Λ. (4) A module means a finitely generated right module.
(5) We denote by tilt(Λ) (respectively, s-tilt(Λ), sτ -tilt(Λ)) the (partially ordered) set of (isomorphism classes of) basic tilting (respectively, support tilting, support τ -tilting) Λ-modules (see Section 2 below for the definition).
In this paper, we consider a combinatorial relationship between sτ -tilt(Λ) and tilt(Λ). Since tilting or support τ -tilting mutation is introduced for the aim of obtaining many tilting modules, the following is an interesting question. Question 1.1. Is the set of tilting modules tilt(Λ) uniquely determined by the posetstructure of sτ -tilt(Λ)?.
The main result of this paper is the following. Theorem 1.2. Let Λ and Γ be two finite dimensional basic hereditary algebras. If ρ is a poset isomorphism from sτ -tilt(Λ) to sτ -tilt(Γ), then the restriction of ρ to tilt(Λ) induces a poset isomorphism ρ| tilt(Λ) : tilt(Λ) ≃ tilt(Γ).
Preliminaries
2.1. Tilting modules. In this subsection we recall the definition of tilting modules. For a module M, we denote by |M| the number of non-isomorphic indecomposable direct summand of M.
Definition 2.1. A Λ-module M is said to be a partial tilting module if it satisfies following conditions. (i) pd T ≤ 1.
(ii) Ext 1 Λ (T, T ) = 0. If partial tilting module T satisfies |M| = |Λ|, then we call T a tilting module. The set of non-isomorphic basic tilting modules of Λ is denoted by tilt Λ For a Λ-module M, we put M
[HU1] Let T 1 and T 2 be two tilting modules. We write
It is known that if T is a tilting module, then X is in T ⊥ 1 if and only if X is a factor module of finite direct sums of copies of T . Therefore we have the following [HU2] :
2.2. Support τ -tilting modules. The notion of support τ -tilting modules which were introduced in [AIR] is a generalization of that of tilting modules. Let us recall the definition of support τ -tilting modules.
Definition 2.3. [AIR] Let M be a Λ-module and P be a projective Λ-module.
(1) M is said to be a τ -rigid module if it satisfies Hom Λ (M, τ M) = 0.
(2) (M, P ) is said to be a τ -rigid pair if M is a τ -rigid module and Hom Λ (P, M) = 0. (3) (M, P ) is called a support τ -tilting pair if it is a τ -rigid pair with |M| + |P | = |Λ|. We then call M a support τ -tilting module. The set of non-isomorphic basic support τ -tilting modules of Λ is denoted by sτ -tilt Λ.
We note that if M ∈ sτ -tilt(Λ), then there is a unique (up to isomorphism) basic projective module P such that (M, P ) is a support τ -tilting pair [AIR] .
We call (N, U) an almost complete support τ -tilting pair if (N, U) is a τ -rigid pair with |N| + |U| = |Λ| − 1.
Theorem 2.5. [AIR] (1) Let (N, U) be a basic almost complete support τ -tilting pair. Then (N, U) is a direct summand of exactly two support τ -tilting pairs. 
For a basic τ -rigid module U, we denote by sτ -tilt
Theorem 2.6.
[J] Let U be a basic partial τ -tilting module. Then there is a finite dimensional algebra C with
2.3. Hereditary case. Let Q be a finite connected acyclic quiver. We denote by Q 0 (resp. Q 1 ) the set of vertices (resp. arrows) of Q. From now on, we assume that Λ is a path algebra kQ. In this paper, for any paths w : a 0
Since Λ is a finite dimensional hereditary algebra, we have sτ -tilt(Λ) = s-tilt(Λ) (see [AIR] ) and the partial order on s-tilt(Λ) is defined as follows:
Theorem 2.8. [J] Let N be a basic partial tilting module. Then there is a finite dimensional hereditary algebra C with |C| = |Λ| − |N| such that s-tilt N (Λ) ≃ s-tilt(C).
Let M ∈ mod Λ and let P be a projective Λ-module. We set
where ν is the Nakayama functor and M pr is a maximal projective direct summand. We also set
where M in is a maximal injective direct summand. Note that
Lemma 2.9.
[AIR] (M, P ) is a support tilting pair if and only if T(M, P ) is a support tilting pair. In particular T and T − induces a graph automorphism
where G(s-tilt Λ) is the underlying graph of the Hasse quiver of s-tilt(Λ).
Example 2.10. The following are well-known example. Let − → ∆ be a 2-point acyclic quiver with
is as follows:
If there is a unique arrow from 1 to 2. Then s-tilt(k − → ∆) is as follows:
If there are at least two arrows from 1 to 2. Then s-tilt(k − → ∆) is as follows:
3. Proof of Theorem 1.2
In this section, we give a proof of Theorem 1.2. Let Q be a finite connected quiver, Λ := kQ. For any i ∈ Z ≥0 , we define a full subquiver Q(i) of Q as follows:
Let m ∈ Z ≥1 be a minimum integer satisfying Q(m) = Q. For any i ≤ m, we set I 0 := 0 and I i := a∈Q(i) 0 I(a). Note that we can regard I i ∈ mod Λ as a basic injective tilting module of kQ(i).
3.1. Neighbours of I i . For a support tilting module M, we denote by e(M) the set of direct predecessors of M and s(M) the set of direct successors of M. If I is an injective support tilting module, then we have
where I Q(I)∪{a} be a injective tilting module of k(Q(I) ∪ {a}). We also have
It is easy to check that I Q(I)∪{a} is injective in mod Λ if and only if a is a source of Q\Q(I). In particular we obtain the following:
is not a sink of Q(i)}.
Determining injective predecessors.
In this subsection we show that the set of injective predecessors e 1 (i) of I i is determined by poset structure of s-tilt(Λ). First we consider the case i = 0.
Lemma 3.1. Let a, b ∈ Q 0 . Then there is an arrow a → b in Q if and only if there are X ∈ e(S(a)) and Y ∈ e(S(b)) such that X < Y .
Proof. Let − → ∆ be a full subquiver of Q with − → ∆ 0 = {a, b}. Assume that there is an arrow a → b in Q. We denote by P := P − → ∆ (resp. I := I − → ∆ ) a basic projective (resp. injective) tilting k( − → ∆)-module. We note that I ∈ e(S(a)) and P ∈ e(S(b)) with I < P . Next we assume that there are X ∈ e(S(a)) and Y ∈ e(S(b)) such that X < Y . Lemma 3.1 shows that S ∈ e(0) is injective if and only if for any S ′ , X, Y ∈ s-tilt(Λ) with S ′ ∈ e(0), X ∈ e(S ′ ) and Y ∈ e(S), we have X < Y . In particular, the set of injective predecessors e 1 (0) of 0 is determined by poset-structure of s-tilt(Λ). We now assume i > 0.
Lemma 3.2. Let T ∈ e 2 (i). Then there are X, Y, Z ∈ s-tilt(Λ) such that X ∈ e(T ), Y ∈ e(I i ), Z ∈ e(Y ) and X > Z.
Then there is a vertex x ∈ Q 0 \ Q(i) such that x → b. We note that I Q(i)∪{x} is injective in mod k(Q(i) ∪ {x, b}). We also note that there is an indecomposable module X ′ ∈ mod Λ such that T ⊕ X ′ is a tilting k(Q(i) ∪ {x, b})-module.
We now assume that T ⊕ X ′ = I Q(i)∪{x,b} and let − → ∆ be a full subquiver of Q with − → ∆ 0 = {x, b}. We put Λ ′ = k(Q(i) ∪ {x, b}). Then the underlying graph G(s-tilt I i (Λ ′ )) of the Hasse quiver of s-tilt I i (Λ ′ ) contains By using Lemma 2.9, we have a graph isomorphism
In particular we obtain a graph isomorphism
Since − → ∆ is a 2-point connected acyclic quiver, G(s-tilt(k − → ∆)) has one of the following form (see Example 2.10):
or Hence we reach a contradiction.
Therefore X := T ⊕ X ′ , Y := I Q(i)∪{x} and Z = I Q(i)∪{x,b} satisfy desired property.
Lemma 3.3. Let T ∈ e 1 (i). Then for any X, Y, Z ∈ s-tilt(Λ) with X ∈ e(T ), Y ∈ e(I i ) and Z ∈ e(Y ), we have X > Z.
Proof. Suppose that there are X, Y, Z ∈ s-tilt(Λ) such that
First we assume that Y ∈ e 3 (i). Then there is a vertex c ∈ Q(i) 0 which is not sink of
In this case, τ Q(i) S(c) ∈ add Z. Hence we have
On the other hand, I(z) must be a direct summand of X. Since X > Z, we have
Hence we obtain I(Z) ∈ add Z. This is a contradiction. Thus we can assume that
Therefore we obtain z = a. X > Z also implies that
. We conclude that I(a) ∈ add Z. In particular, we have that
. This is a contradiction.
Next we assume that Y ∈ e 2 (i). Then there is a vertex
Thus we obtain Q(X) = Q(i) ∪ {a, b} = Q(T ) ∪ {b} and X = I Q(i)∪{a,b} .
If Q(X) = Q(Z), then we have X ≤ Z. This is a contradiction. Therefore we can suppose that Q(Z) = Q(Y ). Let B be an indecomposable Λ-module such that Y = I i ⊕ B. Then B must be a direct summand of Z. Therefore we have that I i ∈ add Z. On the other hand, X > Z implies that I i ∈ add Z. We reach a contradiction.
Therefore Y must be an element of e 1 (i). Then there is a vertex a
. In this case, X > Y implies that
This implies that Y ∈ s(X). This contradict to Y < Z < X.
Let T ∈ e(I i ). For any r ∈ Z ≥1 , we set
where (⋆) is the following:
Lemma 3.4. Let T ∈ e 3 (i). Then there exists ((X k ), (T k ), (Y k )) ∈ F (i, T, r) such that for any T r , Y r satisfying T r ∈ e(X r ) \ {X r−1 } and Y r ∈ e(T r ), we have Y r ≥ T r−1
Proof. Let T = T i /I(a) ⊕ τ Q(i) S(a). We denote by − → ∆(i, a) the full subquiver of Q with − → ∆(i, a) 0 := {x ∈ Q(i) 0 | x is a successor of a}.
We set
We note that X 1 is a direct successor of I i and X k+1 is a direct successor of X k . For any k ∈ {1, 2, · · · , r − 1}, we put
and define T k and Y k as follows: T, r) . If r = 1, then the assertion is obvious. Hence we assume r ≥ 2. Since
where we put T 0 = T . Without loss of generality, we can assume that
On the other hand, there is a 2-point acyclic quiver − → ∆ such that
and this is a contradiction. Therefore we have that − → ∆ is connected. Since X k+1 is a minimum element of s-tilt
We reach a contradiction. Hence we obtain
Next we suppose that there are T r , Y r such that T r ∈ e(X r ), Y r ∈ e(T r ) and Y r ≥ T r−1 .
Note that a is a sink of Q(i)\{b 1 , · · · , b r } = Q(X r ), hence I(a) must be a direct summand of T r . Note also that b r ∈ Q(T r ) 0 and b r ∈ Q(T r−1 ) 0 ⊂ Q(Y r ) 0 . Therefore we have T r ∈ add Y r . In particular, I(a) is a direct summand of Y r . Since Y r ≥ T r−1 and I(a) is an injective module, we obtain I(a) ∈ add T r−1 . This is a contradiction.
Lemma 3.5. Let T ∈ e 1 (i), ((X k ), (T k ), (Y k )) ∈ F (i, T, r). Then there are T r , Y r such that T r ∈ e(X r ) and T r−1 ≤ Y r ∈ e(T r ).
Proof. Let T = I i ⊕ I(a). By definition, there exists (b k ) k=1,··· ,r ∈ Q(i) r such that
By using induction, we show that ( * ) Q(Y k ) = Q(X k ) ∪ {a, b k } and Q(T k ) = Q(X k ) ∪ {a}.
First we assume k = 1. Then
Note that #Q(Y 1 ) 0 − #Q(T 1 ) 0 ≤ 1, #Q(T 1 ) 0 − #Q(X 1 ) 0 ≤ 1 and b 1 ∈ Q(T 1 ) 0 . Therefore we have Q(Y 1 ) = Q(X 1 ) ∪ {a, b 1 } and Q(T 1 ) = Q(X 1 ) ∪ {a}. Next we assume k > 1 and ( * ) hold for k − 1. Then, similar to the case k = 1, we can check that Q(Y k ) = Q(X k ) ∪ {a, b k } and Q(T k ) = Q(X k ) ∪ {a}. In particular, we have T k = I (Q(i)\{b 1 ,··· ,b k })∪{a} .
We now let T r := I (Q(i)\{b 1 ,··· ,br})∪{a} and let Y r be a unique direct predecessor of T r with Q(Y r ) 0 = Q(T r ) 0 ∪ {b r } = Q(T r−1 ) 0 . Since T r−1 is injective k(Q(T r−1 ))-tilting module, we have Y r ≥ T r−1 .
Note that I i+1 is a minimum element of X∈e 1 (i) {T ∈ s-tilt(Λ) | T ≥ X}. Therefore, by combining Lemma 3.1, Lemma 3.2, Lemma 3.3, Lemma 3.4 and Lemma 3.5, we get following.
Corollary 3.6. tilt(Λ) is determined by poset-structure of s-tilt(Λ). In particular, if Λ and Γ are two finite dimensional basic hereditary algebras and ρ is a poset isomorphism from s-tilt(Λ) to s-tilt(Γ), then ρ induces a poset isomorphism ρ| tilt(Λ) : tilt(Λ) ≃ tilt(Γ).
